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Abstract

A Direct Numerical Simulation (DNS) of natural convection flow in an infinite, differentially heated, vertical channel has been
performed at four Rayleigh numbers varying from 5.4 x 10° to 5.0 x 10° for Pr=0.709. The attention will be focused on the tur-
bulent Reynolds-stresses, fluxes, variances and their budgets. We will interpret the budgets in terms of the physical processes that
determine this flow. In addition we have calculated the stresses and budgets based on the structures found from linear stability anal-
ysis of the laminar solution of this problem. The latter budgets will be compared with the budgets for fully developed turbulent flow,
in order to estimate the influence of the large scale coherent structures on the budgets. © 1998 Published by Elsevier Science Inc.
All rights reserved.
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Notation E dissipation
. v kinematic viscosity
B buoyant production o thermal diffusivity
) two‘-pomt correlation @ pressure-strain
i horizontal temperature flux I velocity—pressure gradient term
G mean gradient production
g gravitational acceleration Subscript
h distance between the walls max maximum value
L,L,L. geometry size in x-,y- and z-direction min minimum value
Ny, Ny, N. number of gridpoints in x-, y- and z-direction B buoyant part
Nu Nusselt number, f;h/aAT R rapid part
) fluctuating pressure S slow part
Pr Prandtl number \\ wall part
R rest term in turbulent budget Oy wall value
Ra Rayleigh number, Ra = gfATH /va
T, Ty, Tp advective, diffusive, pressure transport in tur- - ensemble average over time and the homoge-
bulent budget neous directions
T fluctuating temperature
Ty reference temperature 1. Introduction
T average temperature
v, w fluctuating velocities in x-,y- and z-direction The investigation of turbulence is most conveniently made
W turbulent ve!oc1ty sca!e in simple flow configurations where the influence of various
W average vertical Velqc1ty . . physical processes can be isolated and studied in detail. One
HE wall-normal, spanwise and vertical coordinates of these geometries is the flow between two infinite walls, or
Greek ‘plane channel’. Here, we consider such a geometry in the form
ﬂ thermal exapansion coefficient of two vertical, infinite walls which are kept at different tem-
3y Kronecker delta peratures, i.e. one of the walls has a higher temperature with
AT temperature difference between the walls respect to the other. As a result of this temperature difference
A, grid size in x-direction a natural convection flow develops and, if the temperature dif-
ference is sufficiently large, this flow becomes turbulent. This
- type of turbulent flow is interesting from an applied point of
* Corresponding author. E-mail: t.niewstadt@wbmt.tubelft.nl. view, because it is representative of many practical heat
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transfer applications, such as the flow between double glazed
windows or inside a hollow wall. Furthermore, the flow has
links with single heated or cooled walls of which the applica-
tions are numerous. However, this flow is also interesting from
a fundamental point of view, because unlike the more familiar
case of convection above a horizontal wall, the production of
turbulence by shear and buoyancy takes place in the same direc-
tion. Furthermore, the homogeneity in two directions ensures
that no disturbing top/bottom, or sidewall effects are present.

We have studied the turbulent regime of this flow by means
of DNS. With the help of DNS it is possible to study the de-
tails of turbulence. One of these details is the budget of turbu-
lent quantities, such as Reynolds-stress components, heat
fluxes and temperature variances. In principle one should also
be able to obtain these second-order statistics from experi-
ments; however, it is still a very difficult task to measure Rey-
nolds stresses, fluxes and their budgets, especially in regions
near the wall. Nevertheless, this wall region is important for
the behaviour of the entire flow. Although LDA measurements
have somewhat relieved the problem of measuring stresses, un-
til now the only reliable sources of all terms in the Reynolds-
budgets are DNS techniques. But even with the help of
DNS-data, the calculation of second-order statistics involving
all components such as production, transport and dissipation,
is very elaborate, and only few papers give full information on
these budgets. For instance, budgets in a standard channel
flow have been published by Mansour et al. (1988).

Another advantage of DNS is that it allows us to compute
terms which cannot be observed experimentally. An example is
the pressure—strain term. Moreover, DNS makes it possible to
study the individual contributions to the pressure-strain term
separately. Information on these budgets can, for instance,
be used for the development of advanced turbulence models.
An example is the second-order closure modelling where a clo-
sure hypothesis has to be found for several terms in the budget
equations of the second-order moments. These closure hypoth-
eses can thus be tested with DNS data.

In natural convection flows one frequently finds large-scale
flow motions and these also exist in the present flow. These
large-scale motions are usually interpreted as remnants of
the flow structures that appear during the onset of turbulence,
i.e. as a result of linear instability of the laminar flow. In a sep-
arate study (Versteegh, 1998) we have performed this linear
stability analysis and obtained the flow mode connected to
the most unstable eigenvalue. Here we have computed the bud-
gets for this linear instability mode. From a comparison with
the turbulent budgets a first estimate can be made as to how
much the turbulence budgets are influenced by large-scale flow
motions that occur in transitional flow.

On the subject of stability in natural convection in vertical
slots and channels, many studies have already been published.
Batchelor (1954) — the earliest study that we know of — gave
rough estimates for the critical Rayleigh number. Later exper-
imental data by Elder (1965a, b) gave insight in the flow pat-
terns that occur in a flow with viscous fluids. From the end
of the sixties, when computer power gradually became avail-
able, to the end of the eighties, these, numerical studies about
linear stability were published. Among these, we mention El-
der (1966), Vest and Arpaci (1969), Korpela et al. (1973), Chait
and Korpela (1989).

Despite the many experimental and numerical data on tran-
sitional flow, for many years no data were available for turbu-
lent flow. Therefore, turbulence modelling for this type of flow
is still dependent on models originally developed for shear
flows (like channel or Couette flow). Ince and Launder
(1989) used a low Reynolds number k—e model to reproduce
experimental data that were reported by D’afa alla (1988). La-
ter DNS data gave another impulse to the turbulence model-

ling for this type of flow, and improvement was obtained by
Boudjemadi et al. (1997) and Dol et al. (1997a).

During the last decade, experimental data on the turbulent
regime of this flow were produced by the group of Betts. We
have already mentioned D’afa alla (1988), but later D’afa alla
and Betts (1990) and Betts and Bokhari (1996) presented new
data, where the more recent data were generally of better qual-
ity than the earlier ones. All experiments were carried out for
air in a vertical slot with aspect ratio of 28.6, with Ra varying
from 8.23 x 10° to 1.43 x 10°. Besides profiles of the average
velocity and temperature, profiles of average stresses and fluxes
were also produced by means of LDA.

Few DNS-data on natural convection in a differentially
heated vertical channel exist. The first have been reported by
Phillips (1996) for Ra = 5.75 x 10> and Ra = 1.60 x 10*. La-
ter, Boudjemadi et al. (1997) presented data for Ra = 103
and Ra = 5.4 x 10°. The latter also presented budgets on the
turbulent regime.

Our aim is to give additional information on these budget
data. In fact, our results differ in four aspects from the data
published by Boudjemadi et al. (1997). First, the maximum
Rayleigh number for our computations is about ten times
higher (Ra = 5.0 x 10%), which means that the turbulence level
is significantly higher. Second, we are able to give more extend-
ed information about the budgets. Third, we will show the re-
sults in the light of the budgets of the first instability mode.
Finally, our computational domain was considerably larger
than used previously. We will show in this paper that this leads
to somewhat different results.

To give an outline of this paper, first some theory is consid-
ered. Next, we present some results of the numerical simula-
tions, in particular the profiles of the average velocity and
temperature and of the non-zero Reynolds-stress components.
Then, the turbulence budgets are considered in more detail. Fi-
nally, we end with some conclusions.

2. Theory
2.1. Governing equations

The geometry of our flow problem is illustrated in Fig. 1.
We have taken the u-velocity and x-axis perpendicular to the
walls, the v-velocity and y-axis in the span-wise direction (per-
pendicular to the plane of the figure) and finally the w-velocity
and the z-axis in the vertical direction. Only in the latter direc-
tion is the average velocity non-zero.

The distance between the two walls (%) is used as a length
scale and the temperature difference between the two walls

W,
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T, +AT/2
T,-AT/2

h

Fig. 1. Geometry of the two differentially heated, vertical walls.
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(AT) as a temperature scale. The fluid has a kinematic viscosity
(v) and a kinematic diffusivity (o). The ratio of the two, defined
as the Prandtl number (Pr = v/a) is taken to be equal to 0.709
(air). From the diffusivity and the length scale, we can derive a
time-scale (h?/a) and velocity scale (o/h). These scales are used
to express the incompressible Boussinesq equations in the fol-
lowing dimensionless form:

on; _

Ox j o

Ou;  Ouu j_ op 0*u

9P | RaPr(T — Ty)d + P
a o, T o T RAPr( 0)3+r02’

or aujT O*T
- 2 k) (1)
or Ox Ox;

where ¢;; is the Kronecker delta and the Rayleigh number is
defined as: Ra = gfATH? /va, with § the thermal expansion co-
efficient. The reference temperature (7p) is the average temper-
ature of the fluid.

For turbulent flow this is not a proper scaling. Therefore,
the outer scaling proposed in Nieuwstadt and Versteegh
(1997) and Versteegh (1998) is used in order to scale the turbu-
lent budgets. Here, we only resume some important results.

Outside the near-wall region the appropriate scaling vari-
ables are &, f; and gf5, where the horizontal temperature flux
(f;) is constant in this flow, i.e. not a function of x. With these
parameters a velocity scale can be defined as

1
= (gBfih) . 2
Taking into account that we have used the velocity scale,
o/h to non-dimensionalise Eq. (1) and the result found by
Nieuwstadt and Versteegh (1997) that

fih

Nu = 2 ~ Ra?, 3)

we find, e.g., that all non-dimensional velocities should scale
according to Ra*’ and the temperature flux according to
Ra'”® (Fig. 2(a)).

2.2. Linear stability
For the case of laminar flow which occurs at small temper-

ature differences, the set of equations (1) can be solved exactly
(Batchelor, 1954). The result reads

02 temperature flux scaled by Ra*(1/3)
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Fig. 2. Turbulent temperature fluxes scaled by Ra’ and the tempera-
ture flux of the first instability.
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where W and T are the laminar velocity and temperature pro-
file.

In order to obtain the equations for linear stability analysis,
small perturbations denoted with a prime are superposed on
this laminar solution. Substitution in Eq. (1) and linearising
leads to a set of linear equations for the perturbations, which
are taken as only two-dimensional according to Squire’s theo-
rem,
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These linear stability equations have been solved with aid of a
spectral method, using Chebyshev polynomials. For further in-
formation about the equations, solution methods and solu-
tions we refer to Versteegh (1998), Boomkamp et al. (1997),
Drazin and Reid (1981) and Chait and Korpela (1989).

With this method, we have calculated the eigenfunctions
that belong to the first instability mode and the critical Ray-
leigh number (Ra,,) above which this mode grows exponential-
ly. Here we present the variances and fluxes from the
eigenfunctions as well as their budgets. Since the first instabil-
ity mode is two-dimensional, the v/v/-stress and its budget is ze-
ro.

2.3. Reynolds stresses

In this presentation, we will focus our attention on the vari-
ances and fluxes, both for the first instability mode and for the
turbulent flow. The Reynolds-stress equations have been de-
rived in the usual manner by splitting the variables into an av-
erage part and a fluctuating part and by multiplying these
fluctuations with the momentum equations for the fluctuating
part. Finally we apply an averaging procedure on the stress
equations both in time and in the two homogeneous directions.
Average values are denoted with an overbar.

The equation for the average turbulent transport of vertical
momentum in horizontal direction is expressed as the time
change of w'w’. This time change is zero because of quasi-sta-
tionarity. Hence.
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The three following equations describe the time change of
u'u', v'v' and w'w', respectively. The sum of these equations is
exactly twice the equation for the turbulent kinetic energy.
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In a same manner as for the »'w’-budget, we can derive the
equations for the horizontal and vertical temperature trans-
port, u'T" and w'T" respectively. The results read as follows:
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Finally, the budget of the temperature variance equation is giv-
en by

9T 8 —0 OT'T' o1’ o1
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(12)

In these equations the following terms can be distinguished:
the mean gradient production term (G), the transport term
(T), the pressure term (@), the buoyant term (B) and the dis-
sipation term (E).

In the »/T'- and W T'-budgets, an extra term arises from the
fact that Pr # 1. This term will here be denoted as a rest term
(R). For the temperature fluxes, there is more than one way to
write down the combination of pressure transport, dissipation
and the rest term. However, a general form of the equation can
be written as

(a+ bPr) 8*ulT’ (a 4+ bPr) Ou;; OT"

(a+D) 8:5‘]2 ’ (a+0b) Ox;0z;’
(1—-Pr), 0T 0%’
- b1’
(a+b) (au 3:1:? b 83:? )y

R

Here a and b are two arbitrary constants. In our case we
have chosen a to be 1 and 4 to be 0, so that the rest term only
has one component instead of two. Partly due to the fact that
in our case Pr lies close to one, the rest term turns out to be
very small in our calculations, so we have neglected this term
in our further discussion. Nevertheless, for reasons of com-
pleteness this term is also shown in the equations.

Most of the budget terms can be subdivided further into
several components. Here, we will consider the contributions
to the production term, which can be subdivided into produc-
tion by the mean velocity gradient (G,,) and by the mean tem-
perature gradient term (Gr); the contributions to the transport
term, which can be subdivided into an advection (7, ), pressure
(7,) and diffusive part (7;) and the contributions to the dissi-
pation term (E), which can be divided into the separate contri-
butions in the three directions E\, E, and E..

Other terms of which the subdivision is studied, are the
pressure-strain (®) and the pressure transport term (7},), where
one usually distinguishes a rapid, slow, buoyant and wall part.
The subdivision of the pressure terms for our flow case will be
defined in the following section.

Before discussing the results of the budgets, we can first
make some general arguments about the behaviour of the bud-
gets by considering the equations that govern these budgets.
We will first show that in the near wall region we always find
an equilibrium between viscous transport and dissipation at
(and near) the wall, both for the turbulent budgets as well as
for the budget of the first unstable mode. This will be done
with the knowledge that all fluctuations as well as all span-wise
and vertical gradients are zero at the wall.

When we have two variables ' and #’, representing a fluc-
tuating velocity or temperature, the viscous transport term of
a'b’ can be written as
d*a /b/ Ozb/ ob' da' 0%
+2——+b .

Ox; 8x Ox; Ox; ox3
At the wall @’ and &' are zero, just as the vertical and span-wise
gradients, and we find from Eq. (14) that
&Pa't ob' dd'

Ox; Ox Ox |,
At the wall (denoted with subscript w) as said, the y- and z-
gradients of the variances are zero and the dissipation term
(E) is reduced to the x-component, which is exactly the right
hand side of Eq. (15). This x-component has non-zero values
at the wall for vv/, ww/, wT’ and T'T'.

Next we will show that in the budgets for the instability
mode the advective transport term is zero. The advective trans-
port term is defined as

ou'a'b’
a — ox
where the overbar is defined as the integration over one wave-
length in the z-direction. As we have substituted sinusoidal

functions to solve this linear stability problem, «',a’ and &'
can be written as

u'(x,z) = U(x)sin (az + ¢,),
d'(x,z) = A(x)sin (oz + ¢,,),
b (x,z) = B(x)sin (0z + ¢,), (17)

where o is the wavenumber of the first instability mode. Hence,

(14)

(15)

(16)

2n/o

wa'b' = U(x)A(x)B(x) / sin (0z + ¢, ) sin (0z + ¢, ) sin (0z

+ ¢,)dz’ = 0. (18)
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3. The pressure terms

The pressure terms play an important role in the redistribu-
tion of the velocity variances as well as the destruction of the
fluxes w'w',w'T" and w'T". Various physical processes contribute
to the pressure term. Their contribution can be recognised in-
dividually, if we split the pressure term into its individual com-
ponents. As a result, we can better understand the physics of
these individual components and their contribution to the
flow. For instance, in turbulence modelling it can help to re-
duce the number of free parameters (Dol et al., 1998). In this
section we will describe this splitting procedure; the results of
the splitting are shown in Section 7.

We start from Eq. (1). For the three components of the mo-
mentum equation, we differentiate with respect to x; and then
add the three equations. With aid of the continuity equation
the following Poisson equation for p’ is obtained:

! T !
vip' = —RaPral 723—I/V§i
Jz ox 0z
—é—/—é___/

— é’i’a_ul_'_ 8_'018_1)14_ Qw_’_ai’+28_1/8_1/+28_u’8w’ + %aw’)

Jdxr dx Oy Ay 0z Oz dy Ox 9z Oz 9z Oy
S
(19)

By considering the momentum equation in the x-direction of
Eq. (1) at the two walls, we arrive at the boundary conditions
for this pressure equation:

op Pu
ox|, O«
As Eq. (19) is linear in p/, the superposition principle is valid.
We can thus solve the pressure Eq. (19) for each source term
on the right hand side separately. When added together, these
solutions render the complete pressure field.

By this procedure, the pressure equation is split into four
different parts. We distinguish a buoyant part (py), represent-
ing all contributions of the buoyant forces to the pressure
term, a rapid part (pg), representing all contributions of the
average flow, and a slow part (pg), representing all contribu-
tions of the velocity fluctuations. All equations are solved with
homogeneous boundary conditions dp'/0x = 0 at the walls.
The actual boundary condition (20) is solved with the equation
V?2p' = 0. This solution accounts for the wall effect (py,). In Ta-
ble 1 the various components of our splitting procedure have
been indicated schematically. The resulting Poisson equation
for each of the components is solved with the same technique
as used in the main numerical code. The various pressure terms
are then substituted in Egs. (6)—(9). For instance for the pres-
sure transport of «/v/ this leads to

(20)

w

ou'p’ _ ou'ply  ou'ply  Oupy  Ou'ply, ‘
ox ox ox ox ox (21)
——r —— N N N —
T, Tp, Top Tpg Tp
Table 1
Various pressure components
Pressure component vy op'/ox|,,
Rapid R, Eq. (19) 0
Slow S, Eq. (19) 0
Buoyant B, Eq. (19) 0
Wall 0 Pro*u’ | 0x*

Following Rotta (1972), it can be proven that this method
of calculating the separate pressure terms is equivalent to the
theoretical explanation given in Mansour et al. (1988).

3.1. Numerical techniques

We have used a DNS technique to compute the turbulent
flow properties. To apply this technique, the set of equations
(1) has been formulated on a three-dimensional grid with the
help of a standard finite volume method. The resulting equa-
tions are then discretized and solved with a second-order
scheme. By applying this solution method on two grids. which
differ approximately by a factor of 2 in each direction, we
reach fourth-order accuracy of the solution through applica-
tion of the Richardson extrapolation technique. By means of
computation on several grids, this technique has been tested
to produce indeed a fourth-order accurate solution.

As a result of the infinite extent in the vertical and span-
wise direction, one can consider the flow as being homoge-
neous in those directions. As a consequence, we can apply
our DNS in a finite, but sufficiently large vertical domain by
using periodic boundary conditions. Moreover, homogeneity
implies that all statistical quantities are only a function of
the distance x between the two walls. The grid-size varies along
the x-direction. From the wall towards the centre each grid vol-
ume is increased by a constant factor in such a way that the
smallest grid-size near the wall is three times smaller than the
largest grid-size in the centre of the channel. The grid in the
other two coordinate directions has been chosen to be uniform.
In Table 2 we have summarised all important computational
details.

4. Average profiles

To give an impression of the flow characteristics and our
numerical results, we show in Fig. 3 the average velocity and
temperature profiles for the four Rayleigh numbers that we
have computed. We have also plotted the laminar velocity
and temperature profiles Eq. (4) in these figures. Furthermore,
some of the experimental data (Betts and Bokhari, 1996), have
been also plotted in the same figures. These values have been
measured in a tall enclosure at Ra = 8.3 x 10°.

The figures can be subdivided roughly into two regions.
First, a region near the wall; here, viscosity is important, be-
cause the turbulent stresses and fluxes are small compared to
these stresses and fluxes in the centre region. Second, the centre
region in between the two velocity maxima; here, the turbulent
fluxes are high compared to the viscous fluxes.

As Ra increases, also the average velocity increases and also
the buoyant forces. Together with the increasing average ve-
locity the turbulence level increases as well. The increasing tur-
bulence level induces an increase in the heat exchange in the
centre region. As a result, the average temperature gradient

Table 2
Computational details

Computational domain
Number of grid points (coarse)
Resolution in x-direction

L. xL,xL,=120x6.0x1.0
N. x N, x Ny =180 x 90 x 48
Axpin = 0.000975 h at the wall
Axpa = 0.00292 £ at the centre
N. X N, x Ny =432 x 216 x 96
Axpmin = 0.000439 £ at the wall
Axpax = 0.00131 7 at the centre
Ra = 5.4 x 10°, 8.227 x 10°,
2.0 x 10°, 5.0 x 10°

Number of grid points (fine)
Resolution of x-direction

Rayleigh numbers computed
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Fig. 3. Mean vertical velocity and temperature profile for the four
Rayleigh numbers that have been computed together with the experi-
mental values (left y-axis) and the laminar profiles. The laminar veloc-
ity profile is given at Ra. (= 5699) and its scale is on the right y-axis.

in the centre decreases, while the average temperature gradient
near the wall increases. Furthermore, the velocity maximum
moves towards the wall with increasing Ra.

The measured velocities and temperature are found to be
higher than the numerical data at about the same Ra. The dis-
crepancy between the measurements and the numerical calcu-
lations may have been caused by the lower turbulence level
in the measurements. Due to the fact that the enclosure is fi-
nite, the turbulence may not have been fully developed, thus
allowing a higher velocity and temperature gradient in the cen-
tre region.

In Fig. 4(a), we have plotted the average velocity profile ob-
tained by Boudjemadi et al. (1997) for Ra = 5.4 x 10°. For
their numerical calculations they used a domain size of
L. xL,xL,=25x1.0x1.0. For comparison we have plot-
ted our results for a domain size equal to Boudjemadi et al.
(1997), as well as our results for the large computational do-
main given in Table 2. Both our results and the results of
Boudjemadi et al. (1997) agree very well as far as the small
computational domain is concerned. However, for the large
computational domain our average velocity profile is signifi-
cantly lower. As we were able to reproduce the results of Boud-
jemadi et al. (1997) when using a similar domain, we feel

500
Average velocity
---- Boudjemadi et al. (2.5*1*1)
400 r o present (2.5*1*1)
.. present (1276™1)
3 300 | /{
200 | Sl
100
%,
0 . . A L
0 0.1 0.2 0.3 0.4 0.5
(a) x/h
L e
1.5e7

G,, (present)

_%0'567 G,, by Boudjemadi & al.
Q)
0

%)

38

-

-0.5e7 : : : :
0 0.1 0.2 0.3 0.4 0.5

(b) x/h

Fig. 4. (a) Average velocities at Ra = 5.4 x 10° for different domain
sizes. (b) Shear production term for w'w’.

allowed to draw the conclusion that a domain size when it is
chosen too small, is not able to represent the infinite domain
in an adequate way. This conclusion is confirmed by the fact
that Komminaho et al. (1996) reported large structures in
the closely related plane Couette flow.

In another study, we will consider the size of coherent struc-
tures in this flow; in the next paragraph we will only give a
short explanation for the fact that a small domain size can lead
to higher average velocities.

Let us consider the two-point-correlation function (C,) in
the spanwise y-direction. This correlation is defined as

W (0)¥ 0o +) 7 (22)
P ()’

with W an arbitrary variable.

In Fig. 5(a) we show this autocorrelation function for the
centre region, i.e. x = 0.5 (where the turbulence intensity is
highest). We can see that at a separation of about 1/ the auto-
correlation of the vertical velocity and temperature reaches a
minimum value, i.e. the turbulent part of the vertical velocity
at yy + & is opposite on average, compared to the vertical ve-
locity at y,. Therefore, we conclude that the size of the main
structures in the y-direction measures about 2/, which is close
to the size of the structures in the vertical direction. This size
does not fit into the calculation domain of Boudjemadi et al.
(1997). As a result, the turbulence is damped and an 18% high-
er velocity gradient can be established. The temperature field is

G(y) =
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Fig. 5. Two-point-correlations for the velocities and temperature in the
centre regions (a) in the spanwise direction; (b) in the vertical direction.

only slightly affected. The resulting higher velocity gradient
partly obscures the decreased turbulence level, because the tur-
bulence production given in Fig. 4 increases with increasing
velocity gradient according to Eq. (9). This results, mainly in
the centre region, in a higher turbulence production.

5. Stresses, fluxes and variances

In this section we will make a comparison between the tur-
bulent stresses and fluxes that we have computed with aid of
DNS and the stresses and fluxes that we have computed from
the first instability mode. We should note that the amplitude of
the first linear instability is a free parameter, i.e. independent
of the laminar flow profile. Here we have normalised all stress-
es and budgets in such a way that the maximum for the stream-
function of the first instability mode is equal to 1.

The non-zero components of the Reynolds-stress tensor are
shown in Fig. 6. For the values obtained at the four Rayleigh
numbers, we have used the scaling that we have introduced at
the end of Section 2.1. We find that the turbulent velocity fluc-
tuations can be as large or even larger than the mean velocity.
Therefore, instantaneous velocities can occur which have a di-
rection opposite to the mean flow, even in the region around
the velocity maximum. Also the temperature fluctuations can
reach a high level. A fluctuation with a value that is 25% of
the mean temperature difference between the two walls is no
exception.
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Fi%. 6. Non-zero components of the Reynolds-stress tensor scaled by
Ra’ (top) and the same components obtained from the first unstable
mode (bottom).

In Fig. 6 (bottom) we also show the stresses obtained from
the first instability mode. We can see that in the near wall re-
gion the behaviour of the stresses looks similar. At x ~ 0.33, a
large dip can be found for w'w'. In this region w' is re-convert-
ed into #/, as may be observed from the streamfunction pat-
terns in Chait and Korpela (1989) or Versteegh (1998). This
behaviour depends also on the Prandtl number. For low Pr,
i.e. when the main instability factor is shear, this dip in the cen-
tre region is less pronounced.

The turbulent profiles for the temperature fluxes (see
Fig. 2(a)) are completely different from those of the first insta-
bility. The «'T’-flux for the first instability shows a very small
but negative minimum which is not apparent in the turbulent
budget. Here the linear stability analysis shows its drawback
when it is used for comparison with a turbulent flow. Together
with the assumption that the average temperature gradient re-
mains constant, the horizontal velocity fluctuations can act as
a local heat source, according to the advection term /97 /dx in
the temperature equation of (5). In other words, local heat pro-
duction for the secondary flow structure does not effect in a
heat loss for the average flow. As a result, an average negative
horizontal heat flux is possible from the local heat source to-
wards the wall in linear stability analysis. This cannot be the
case when non-linear effects are considered. After all, before
heat can be transported towards the wall, first it has to be
transported from the wall towards that location.
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The behaviour of vertical heat flux w77, which is related to
the buoyant energy production, is also different for the turbu-
lent flow than for the first instability. From linear stability
analysis we found that the secondary flow is mainly driven
by shear energy production in the centre region (Versteegh,
1998). In the near wall region the secondary flow opposes
the buoyant force on average. Here, the kinetic energy is partly
destroyed by buoyancy. As a result, the wT’-flux for the first
instability shows a pronounced negative minimum in the near
wall region. In the turbulent case the average temperature gra-
dient is affected and a large average temperature gradient in
the near wall region is found, whereas in the centre region
the temperature gradient is small. The large temperature gradi-
ent near the wall results in large temperature fluctuations and
combined with the high Rayleigh number, this results in a large
buoyant force that cannot be opposed by the local flow struc-
ture. As a result the vertical heat flux and buoyant energy pro-
duction is positive (and large) in the near wall region.

6. Budgets

The budgets of the Reynolds-stress components, tempera-
ture fluxes and temperature variances for turbulent flow are
shown in Figs. 7-13. For each component (except v'v/) the
budget has also been computed for the first instability mode.
The results of the turbulent budgets and the budgets of the first
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Fig. 7. The turbulent 7777-budget scaled by Ra’ (top) and the 777"~
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get of the first unstable mode (bottom).

instability mode are shown together. A comparison leads us to
the conclusion that many characteristics of the presented stress
budgets are qualitatively similar for the turbulent flow and the
first instability mode. However, the budgets for the tempera-
ture fluxes and temperature variances are different. This dis-
crepancy in the temperature budgets becomes also clear in
some buoyant budget terms in the Reynolds stresses. The dis-
crepancy can be explained by considering Egs. (10)—(12). In
the previous section we concluded that the average tempera-
ture gradient and the horizontal temperature flux in the turbu-
lent case are completely different from those of the linear
instability. As a result the production terms for the tempera-
ture fluxes and temperature variances are completely different,
and if the production terms are different the entire budget will
be different. As an example, we regard the production term for
the 7'T’-budget given in Fig. 7. This term is equal to
u'T'OT /Ox, according to Eq. (12). For the first instability the
average temperature gradient is constant over the entire flow
geometry; therefore the maximum in the 7’7’-variances can
be found where the horizontal velocity fluctuations are largest,
i.e. in the centre. For the turbulent case, however, the average
temperature gradient in the centre is very small. Here the max-
imum is found near the wall, where both the average temper-
ature gradient as well as the velocity fluctuations are
considerably large. While the temperature gradients in the near
wall region become larger with increasing Ra, the gradients in
the centre region become smaller; the maximum in the produc-
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tion term in the near wall region increases relative to the pro-
duction in the centre region.

Next, the budgets are considered in somewhat more detail.
We will only show results for the highest value of the Rayleigh
number, i.e. Ra = 5.0 x 10°, since most of the features in the
budget remain similar within the range of Ra what we have
studied (Versteegh, 1998).

We will first consider the budgets of the normal stresses.
When summed, the budget terms G, B, T,® end E in
Egs. (7)-(9) describe the production buoyancy, transport, re-
distribution and dissipation of the turbulent kinetic energy.
Note again that in the turbulent kinetic energy equation these
terms appear multiplied with a factor 1/2.

Both production terms of turbulent kinetic energy (G and
B) appear only in the w'w/-budget, i.e. shear and buoyancy di-
rectly produce vertical velocity fluctuations. The energy in the
vertical direction is then converted into #'s’ and v/ by means
of the pressure—strain term (®). This term links the budgets of
the three variance components, because it follows from the
continuity equation that the sum of the ®-terms over the three
coordinate directions is zero. One usually assumes that this in-
teraction between ®-terms in the three directions is in balance
when the turbulent energy is the same in all directions, i.e. the
turbulent flow isotropic. Therefore, the ®;-term is sometimes
called the return-to-isotropy term, based on the hypothesis for-
mulated by Rotta (1951). A return-to-isotropy behaviour of
the ®;-term is found in the centre region between the two
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Fig. 10. The turbulent ww-budget scaled by Rad (top) and the ww'-
budget of the first unstable mode (bottom).

walls. In the near wall region anisotropic effects come into
play. Namely, due to the wall influence, the ®;-term acts in
such a way that motion perpendicular to the wall is trans-
formed into motion along the wall, i.e. anisotropy is increased.
Such a behaviour is called “splatting” (Chapman and Kuhn,
1986) in turbulence modelling, and can be confirmed from
the dip in ®,,, and the peak in ®,, and ®,,,, in the near wall
region.

In Fig. 6(top), we can see that in the centre region, relative
to the ww-stress, the u/s/- and v'v/-stress show an increase
with increasing Ra. This implies that with increasing Ra the
return-to-isotropy-terms increase, compared to the turbulence
production terms that only create turbulent motion in the
vertical direction. However, in our opinion, even for very
high Ra, the turbulence will not become isotropic because
of the following reason. The return-to-isotropy-terms de-
crease the more isotropy is reached, whereas the anisotropic
production terms will remain producing turbulent energy in
the vertical direction. Because the ratios of v/, v'v/ and
w'w' already seem to converge in our calculations, we think
that the relation w'w’: v'v': Wi’ for Ra = 5.0 x 10° lies already
close to its limit value. In Table 3 these values for Ra =
5.0 x 10° are given.

For the «/u/-budget and the flux budgets for v'w’, /T’ and
wT’, we find that in the near wall region primarily 7, and ®
are quite large and almost in equilibrium. On the other hand,
T, is relatively small in the centre region. Let us therefore
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Fig. 11. The turbulent #w-budget scaled by Ra’ (top) and the ww'-
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denote the combination 7, 4+ ® as IT. The results shown in the
Figs. 8, 11-13 suggest that IT behaves in a more continuous
way and that the values of IT near the wall are for instance
quite small. Therefore, it seems that the behaviour of IT might
be more easily modelled, than the separation of II into 7, and
®, which is usually done in turbulence modelling. This is espe-
cially attractive for the flux budgets of w'w/, 7" and WT',
where the interpretation of interactions between the ®-terms
in the three coordinate directions, as discussed above, is not
useful. For a modeller’s point of view the reader is referred
to Dol et al. (1997b) and Dol et al. (1998).

Because of their large magnitude, the ®- and 7, term are
not shown in the u/v/-budget of the first unstable mode in
Fig. 8 (bottom), but their behaviour is similar to that of the
turbulent u/v/-budget. Also for the other terms in the /u/-bud-
get, a similar behaviour as found in the turbulent budget can
be observed in the budget of the first unstable mode.

The dissipation terms for the fluxes v'w/, 'T' and w'T" are
small. In these budgets the role of destruction is for a large part
taken over by the ®- or I1-term. This is in contrast with the ki-
netic energy budgets, where all terms involving pressure only
have a redistributive character; the loss in the ww/-budget is
exactly equal to the production in the w'u/- and v'v'-budget
and the pressure transport term for the u/u/-budget is zero
when integrated over the distance between the two walls.

For reasons of symmetry it can be proven that for isotropic
turbulence the dissipation term for the fluxes u'w’, w'T" are w'T"
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Fig. 12. The turbulent #T-budget scaled by Ra’ (top) and the /T~
budget of the first instability (bottom).

is zero. The relative magnitude of the dissipation term can
therefore be interpreted as the level of anisotropy. For
Ra = 5.0 x 10°, the pressure destruction for the fluxes in our
flow problem is much larger than the regular viscous dissipa-
tion. In the worst case, namely «'7’, in the centre region about
75% is dissipated by pressure, the rest by the dissipation term.
For the other two fluxes #’'w’ and w'T’, the relative contribution
by the pressure dissipation is even higher. From this we can
conclude that the flow in the centre region already reached a
high level of isotropy. With increasing Ra this isotropy level
has a tendency to increase.

Near the walls large gradients and strong dissipation of
the variances and fluxes occur, because all variances and
fluxes have to be zero at the wall. These large gradients in-
duce a large viscous transport towards the wall that balances
the dissipation. As a result, we find that for v'v/, ww/, wT'
and T'T’, Ty = E is a good approximation. In fact, such a
balance is consistent with the condition on the wall where
an equality between Ty and E must be satisfied exactly. For
w'v', v'w and w'T’' a similar equilibrium should be valid. It
may however be somewhat obscured for the following rea-
sons. First, the dissipation and transport terms for these
components are exactly zero at the wall. Secondly, 7, and
® have been found to be large near the walls. However,
the combination of these terms in [T results in a much smal-
ler value near the wall so that 7y and £ may again become
dominant.
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Transport terms are generally only large in regions where
the second derivative of the stress term considered is large.
In the centre region the second derivative for v'v/, ww/, wT'
and 7'T’ is small, therefore their transport terms are small
and a balance, pressure or production term = destruction or dis-
sipation term, is a good first approximation. Only for «/#' and
u'w' this is not completely true and we find that the transport
term in this case is about 30% of the production for «/u/ and
about 15% for u'w'.

As shown in Eq. (16) T, is zero for the budgets of the first
instability mode. Also in the turbulent budgets 7, is relatively
unimportant except in the region around the velocity maxi-
mum, where 7, cannot be neglected. Here, the rapid increase
of the stresses and fluxes in the near wall region is replaced
by a slower increase towards their maximum in the centre.
The large second derivatives of the stresses caused by this ef-
fect, enhance advective transport.

When the first instability budget is considered, also an equi-
librium between the viscous terms near the wall is observed.

Table 3

Ratios of the stress components

Relative stress term Ratio
u'i fw'w 0.43
v Jww 0.59
uw [ww 0.25

Contrary to the ww/-stress, which is rather constant in the cen-
tre region, the ¥/v/- and u'w'-stress show a decrease towards the
wall. This is due to the solid wall which damps perpendicular
motion much more strongly than motion along the walls. As
a result, near the velocity maximum the second derivative of
u'v' and w'w' are zero. This inflection point causes a constant
u't/- and w'w'-transport from the centre region and the wall re-
gion towards the region of the velocity maximum. Therefore,
in this region an equilibrium between transport and dissipation
is established.

Both in the #’w'- and in the w'w/-budget, the shear produc-
tion is negative in the region between the wall and the velocity
maximum. This property is also present in the budgets of the
first instability modes for these terms, although Gy is only
slightly negative in the first instability budget. Such negative
production has also been observed in the buoyant flow along
a single vertical plate (Henkes, 1990). This negative shear pro-
duction has not been found in experiments of Tsuji and Naga-
no (1988), but Nagano et al. (1989) claimed that, with
increasing compressibility of the fluid, this negative production
may vanish. For further details on this property we refer to
Versteegh (1998).

Also for the w'T’-budget the shear production is negative
between the wall and the velocity maximum, however this
can be explained rather easily. Due to the positive average ve-
locity gradient (9 /0x > 0) between the wall and the velocity
maximum, whereas the turbulent temperature flux #/7" is pos-
itive over the entire domain, Gy is negative between the wall
and the velocity maximum. In the centre region the gradient
production is positive; furthermore, the three production terms
are almost equal in size in this region. With increasing Ra the
buoyant term becomes less important than the other two
terms.

The span-wise and vertical variance budgets, i.e. the v'v/ and
w'w terms, show many similarities. Let us consider the combi-
nation of the two production terms and the pressure-strain
term for the w'w'-budget into a single term. The result is shown
in Fig. 9 (bottom). The profiles of Fig. 9 (top) and (bottom)
are almost identical. This resemblance appears also in the
V- and ww-profiles that exhibit many similarities, except
for their magnitude. The exception in both budgets is the ad-
vective transport term. This term that can almost be neglected
for the v'v/-budget can certainly not be neglected for the ww/-
budget. A possible reason for this is the fact that around the
velocity maximum there is a considerable amount of buoyant
energy production, that amplifies the inflection point in the
w'w-stress profile.

For a final point we return to a comparison between the
turbulent budgets and the same budgets computed from the
first instability modes. We can see that the curves resulting
from the budgets of the first instability mode are more
stretched out in the near-wall region than for the turbulent
budgets. In other words, the centre region for the first instabil-
ity mode budgets is much smaller than for the turbulent bud-
gets, for which the x-dependence is only small in the centre
region. This is caused by the fact that the velocity maximum
for the first instability mode lies much further from the wall
than in the turbulent case.

7. Separate components of the dissipation and pressure terms

In the following subsections, we will give a short overview
of the separate components that form the dissipation and pres-
sure terms. We will discuss their behaviour and its implica-
tions. For more detailed information, we will refer to our
data base, which contains all separate terms.
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7.1. Dissipation

In Figs. 14-16 some examples of the splitting of dissipation
in its components are shown.

Due to the fact that the gradients in the spanwise and ver-
tical direction are zero at the wall, E, and E. are zero at the
wall for all budgets. The damping effect of the wall creates high
gradients of the fluxes and stresses in x-direction in the near
wall region. As a result, near or at the wall E, reaches a max-
imum for all budgets and dominates the dissipation term. For
v, ww and T'T’, the maximum in E, lies at the wall. For
wT’, the maximum of the dissipation lies somewhat remote
from the wall, but the value of the wall remains non-zero.
Due to continuity, du'/0x is zero at the wall, therefore the x-
dissipation terms of /s, w'w' and u/f’ must be zero at the wall.
For these budgets the maximum in E, also lies somewhat re-
mote from the wall.

In the paragraph above we have given several reasons for
the fact that the dissipation terms are anisotropic in the near
wall region. In the free turbulent regime in the centre region,
one would expect a much higher degree of isotropy in the dis-
sipation terms. However, this is only true for the 7'7’-dissipa-
tion, for the other budgets this is not the case. Part of the
anisotropy can be explained by the fact that the continuity
constraint tends to suppress fluctuations of the kind du]/0x;.
As a result, in the centre region (where the wall effects are di-
minished) E; of all stresses and fluxes with a component u; is
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Fig. 14. (a) Subdivision of the dissipation terms for ¥'w’. (b) Subdivi-
sion of the dissipation-terms for w'w’.

small compared to the other component(s). The fact that E,
for /v’ and u'T’ is large in the centre region can probably be
explained by considering Fig. 4 which shows the two-point
correlations for different variables in both the y- and z-direc-
tion in the centre. Especially the correlation graph for #' in
the y-direction shows a negative minimum at a shorter separa-
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Fig. 17. Single Fourier component of du'/0x and 97" /0x.

tion than the other variables. Furthermore, the same minimum
lies at a shorter separation than in the z-direction. It indicates
small structures for ' in the y-direction. As a result, the gradi-
ents in the y-direction will be higher than in the z-direction.

For the flux budgets (both momentum and temperature)
single components of the dissipation terms can become posi-
tive, even when the considered flux itself is positive. Besides
some small positive regions in the dissipation for #'w’ and
w' T, this feature is especially significant for E, of «/T’. The ex-
amples show that the dissipation term of a cross correlation
term not necessarily needs to have a dissipative character. In
order to explain this phenomenon, we show an arbitrary nor-
malised Fourier component of 87’ /dx and du'/dx at x = 0.06
(the maximum of E, for /T’ (Fig. 17)). We can see that the
waves are out of phase and as a result, the average multiplica-
tion (dissipation term) becomes positive.

7.2. O-terms

From Egs. (6) to (12), we can see that the pressure trans-
port terms are only prominent in budgets of the u'-related
stresses and fluxes. In the centre region these terms are small
compared to the ®-terms, whereas in the near wall region
the terms are almost exactly opposite to the ®-terms. We will
therefore pay no further attention to the pressure transport
terms.

The subdivision of the ®-terms are shown in Figs. 18-20. In
the centre region, where the turbulent kinetic energy is pro-
duced, the negative ®-term for w'w’ is dominated by the slow
part and a somewhat smaller rapid part. The slow part is re-
sponsible for energy transport towards the u'u’-component,
while the buoyant and rapid part almost entirely is transported
towards the v'v'- component. We can conclude that the turbu-
lent energy which is produced by buoyancy and shear, first
produces a two-dimensional structure in vertical and spanwise
direction, whose energy is only indirectly transported towards
Uy,

In the near wall region about half of the total energy is
about equally re-converted from /i into v'v' and ww' by the
slow term. The other half is spread over the other components
(W, R and B), whereas the wall term W appears to be the larg-
est of the three.

Contrary to the kinetic energy budgets, the ®-term for u/w’,
which is dissipative for this budget, is dominated by the rapid
part in the near wall region. In the centre region the pressure
term is, as in the u/u/-stress, dominated by the slow part, al-
though the rapid part cannot be neglected.
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Fig. 18. (a) Subdivision of the ®-terms for «'u’. (b) Subdivision of the
®-terms for uw'w'.

L

In the /T"-budget, only the slow pressure term (I1;) is im-
portant, apart from a small contribution of R and W around
the velocity maximum. For w7’ the slow term is also the main
component but the other components cannot be neglected.
Contrary to the other stresses, for w'7” the pressure terms show
a gradual increase and no large peaks near the wall can be
seen. The negative rapid term near the wall only appears for
larger Ra and its magnitude increases with Ra.

8. Conclusions

Natural convection flow in an infinite, differentially heated,
vertical channel has been studied with aid of DNS. By means
of Richardson extrapolation, by considering the influence of
domain size and by means of long time integration, the results
presented here for turbulent flow are statistically stationary
and have been calculated up to a high degree of accuracy.
As we have only presented a summary of all calculated vari-
ables, we have set up a database in order to make all data
available in full detail. This database can be obtained from
the authors.

The main emphasis of the discussion has been put on the
results for the budgets of the non-zero Reynolds-stress compo-
nents, temperature fluxes and temperature variances. In accor-
dance with Boudjemadi et al. (1997), one of our important
findings is that in the near-wall region the shear production
of turbulence is negative.
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Fig. 19. (a) Subdivision of the ®-terms for v'v'. (b) Subdivision of the
®-terms for w'w'.

Separation of the original pressure term into pressure trans-
port and a ®-term is difficult to model. In the near wall region
the terms are very large and almost exactly opposite, whereas
in the centre region the pressure transport is small compared to
®. Therefore, the II-terms given in this paper behave in a more
continuous way near the wall.

The slow part of the pressure terms is dominant over the
rapid, buoyant and wall part in the near wall region. This is
also the case in the centre region, except for v'v.

The turbulent budgets show that we can divide the flow into
a near wall region where diffusive transport balances dissipa-
tion and a centre region where (pressure) production balances
(pressure) dissipation. Only in the region near the velocity
maximum does advective transport become important.

The turbulent budgets have been compared with the bud-
gets computed from the first linear instability mode. Compared
to these budgets, which show a large x-dependence in the cen-
tre region, the turbulent budgets hardly show any change in
the centre region. In general, we can state that in the centre re-
gion the profiles tend to become independent of x compared to
the instability budgets. Nevertheless, the turbulent stress bud-
gets are similar to those of the first instability in many details.
This leads us to the conclusion that the turbulence still con-
tains characteristics resembling the perturbation velocity field
of the first linear instability. Moreover, these patterns carry a
substantial part of the energy.

B
0
R
c
©
O I -
Pressure term (IT) for u'T'-budget
r T = Total pressure term
R = Rapid part
05T S = Slow part
L B = Buoyant part
W =Wall part .
0 0.1 0.2 0.3 0.4 0.5
(@ x/h
r Pressure term (IT) for w'T"-budget
T = Total pressure transport
i R = Rapid part
S = Slow part
IR B = Buoyant part
= . W = Wall part
O

(b) x/h

Fig. 20. (a) Subdivision of the ®-terms for «'7". (b) Subdivision of the
®-terms for w'T".

For the budgets of the temperature fluxes and temperature
variances comparison with the first instabilities are poor. Part-
ly, the change in average temperature gradient can be held re-
sponsible for this, and partly, the linear stability approach.
Finally, for the turbulent case, the large temperature fluctua-
tions near the velocity maximum combined with the high Ray-
leigh number induce forces that destroy the original flow
pattern.
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